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The oscillating front

r<(t) c R"

configuration at time t > 0, of an oscillating front propagating with
normal velocity depending on the position.
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The oscillating front

r<(t) c R"

configuration at time t > 0, of an oscillating front propagating with
normal velocity depending on the position.

— Any point of the front is moving in the normal direction;

vvvvvvvvv
ssssssss
vvvvv

G. Terrone (IST - DM/CAMGSD) Homogenization of fronts Ciéncia 2010 2/15



The oscillating front

r<(t) c RN
configuration at time t > 0, of an oscillating front propagating with
normal velocity depending on the position.
— Any point of the front is moving in the normal direction;

— The medium has a periodic structure: ¢ > 0 size of the periodic
cell;
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The oscillating front

r<(t) c RN
configuration at time t > 0, of an oscillating front propagating with
normal velocity depending on the position.
— Any point of the front is moving in the normal direction;

— The medium has a periodic structure: ¢ > 0 size of the periodic
cell;

— Normal velocity: V(x, x/¢) periodic w.r.t. x/e.
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The oscillating front

r<(t) c RN
configuration at time t > 0, of an oscillating front propagating with
normal velocity depending on the position.
— Any point of the front is moving in the normal direction;

— The medium has a periodic structure: ¢ > 0 size of the periodic
cell;

— Normal velocity: V(x, x/¢) periodic w.r.t. x/e.

Goal:

Describe the asymptotic behavior of '“(t) when the structure becomes
extremely fine (¢ — 0).
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Level set formulation

t=0: T(0)={xeRN: h(x,x/e) =0}
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Level set formulation
t=0: T0)={xeRN: h(x,x/e) =0}

t>0: T(t)={xeRN: u(t,x)=0}
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Level set formulation
t=0: T0)={xeRN: h(x,x/e) =0}

t>0: T(t)={xeRN: u(t,x)=0}

u° solves the pde:

o + V(x,x/¢)|Dxu| =0, in (0, +o0) x RN
u‘(0,x) = h(x, x/¢) for any x € RV,

(pde:)
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Level set formulation
t=0: T0)={xeRN: h(x,x/e) =0}

t>0: T(t)={xeRN: u(t,x)=0}

u° solves the pde:

o + V(x,x/¢)|Dxu| =0, in (0, +o0) x RN
u‘(0,x) = h(x, x/¢) for any x € RV,

(pde:)

Goal: (e — 0):
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Level set formulation
t=0: T0)={xeRN: h(x,x/e) =0}

t>0: T(t)={xeRN: u(t,x)=0}

u° solves the pde:

o + V(x,x/¢)|Dxu| =0, in (0, +o0) x RN (ode,)
u (0, x) = h(x, x/¢) for any x € RV. ek
Goal: (¢ — 0): find & such that
F(t)={x eRN : i(t,x) =0} i
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Homogenization of pde’s

. o . N
{@u + V(x,x/€)|Dyuf| =0, in(0,+00) x R (pde.)

uc(0,x) = h(x, x/e) for any x € RV,
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Homogenization of pde’s

{6,u€ + V(x,x/€)|Dyu| = 0, in (0,+00) x RN

de.
Ue(0, x) = h(x, x/c) for any x € RV, (pde)

There exist H(x, p) such that u(t, x) — u(x, t), unique solution of

o+ H(x,Dyu) =0 in (0, +00) x RN (538)
u(0, x) = h(x) for any x € RV >

h(x) = ming h(x, €).

[Ref: Bardi - Alvarez 2001 — 2010]
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Associated dynamics

The solution of (pde,) is [the value function]:
us(t, x) = inf{h(x(t), x(t)/€) }
among all trajectories x(t) of the [cotrolled] dynamics

x(t) = V(x(t), x(t)/e)a(t) (dyn.)
x(0) = x 6

Controls: for any t, |a(t)| < 1.
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The result

Question: Is there also a controlled dynamics for the effective front?
[so we can use its value function to describe the profile of the effective
front]
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The result

Question: Is there also a controlled dynamics for the effective front?
[so we can use its value function to describe the profile of the effective
front]

Answer: Yes! o
x(t) € F(x(1)) (dyn)

where...

G. Terrone (IST - DM/CAMGSD) Homogenization of fronts Ciéncia 2010 6/15



The result

...where

A0 -U { Lo, V1200 a)}
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The result

...where

Feo=U { /R o VAN a)}

M

w: limiting relaxed controls

— are probability measures encoding the asymtpotic behavior of the
oscillating variables:

£(t) = V(x,&(t))a(t), x frozen;

— their use, as generalized controls, is known since 70’s
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The result

Limit dynamics:
x(t) € F(x(1)),  x(0) = x (dyn)
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The result

Limit dynamics:

Theorem
The value function associated to (dyn), that is

u(t, x) = inf{h(x(t)) : x(-) solution of (dyn)}

solves (pde).

(remember: h(x) = ming h(x, £) is the initial data of the limit pde)
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Roadmap

{)’((t) = Vix(),x(t)/9alt) 2 (1) € F(x(1))

x(0) =x e—0
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Roadmap

x(t) = V(x(t), x(t)/e)a(t) 7
{X(O) - — k(D) € Flx(1)

(u€=value function) J/

ot + V(x,x/€)|Dyu‘| =0
u(0,x) = h(x, x/e)
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Roadmap

x(t) = V(x(t), x(t)/e)a(t) ? :
{X(O) o x(t) € F(x(1))

(u“=value function)l

oru + V(x, x/e)|Dyuc| = 0 oru+ H(x, Dyu) =0
e =
UE(O, X) = h(X’ X/G) homogenization

u(0, x) = h(x)
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Roadmap

x(0) =x

(u“=value function)l l

{8tu€+ V(x,x/e)|Dyu‘| =0 {8zu+Fl(x, Dyu) =0
- m
homogenization

{)’((t) = V(x(t), x(t)/e)a(t) ? x(t) € F(x(t))

u(0,x) = h(x, x/e)

u(0, x) = h(x)
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Roadmap

{)’((t) = V(x(t), x(t)/e)a(t) x(t) € F(x(t))

x(0) =x

(u“=value function)l Theorem: U= value functionl

oru + V(x, x/¢)|Dyu| = 0 oru+ H(x, Dyu) =0
e =
UE(O, X) = h(X’ X/G) homogenization

u(0, x) = h(x)
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The result

Then, thanks to homogenization [u¢ —solutions of (pde)] , & coincides
with the limit of u¢ and can be used to represent the limit profile of the
front:

F(t)={x eRN : b(t, x) = 0}.
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Obrigado!
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